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Abstract 

We show that one microwave mode constructed in a lossless superconducting cavity can be used 
to engineer a reservoir that destroys, in an effectively irreversible fashion, the quantum coherences 
of a Rydberg atom coupled to it. The central role is played by the dimension of the Hilbert space 
occupied by the dynamics of the whole system. We propose new ways to quantify the decoherence 
time and the effectiveness of decoherence process. 
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The deleterious action of the environment over quantum coherences has been a funda- 
mental ingredient in the study of the foundations of quantum mechanics, for it sheds light 
on the quantum to classical transition problem This process is called decoherence, and 
also plays a central role in quantum information, as it is the main obstacle for quantum 
computation J2]. Strategies for decoherence control has been the subject of many works in 
last years 
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12l |. Progressive loss of coherence were observed in an 



important cavity quantum electrodynamics (QED) experiment [13[ and, also usin g na icro 



masers, new experimental proposals for decoherence measurement were presented [ij, |15 |. 
At the theoretical level, decoherence of the system of interest (SI) is frequently studied by 
considering that it is coupled to another system, the environment 16(]. If we take the trace 
over the environmental degrees of freedom, we access the statistics we are interested in. The 
environment is often modeled as a many degrees of freedom system 17, [is], [l^, but deco- 



lerence may also be analyzed by coupling SI to an effectively one degree of freedom system 
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2l|, whose classical analogs usually exhibit chaotic (or chaotic like [2l|, |22|]) behavior. 



Other decoherence a ppr oaches are presented in Ref. 23|], based on coarse-grained measure- 
ments, and in Ref. [2^ , where a fluctuation of some classical parameter is responsible for 
coherence loss. 

In the present contribution, we investigate the role of the dimension of the Hilbert space 
occupied by the dynamics of SI plus environment for decoherence process. Of course this 
dimension depends on the basis, and it is not trivial to find the basis where it assumes its 
minimum value. Nevertheless, when many degrees of freedom or chaotic Hamiltonians are 
used for the environment, SI often loses its quantum coherences in an evolution of the whole 
system that occupies a large Hilbert space. Thus, we can conjecture that the dimension 
of the Hilbert space plays a central role in the process. In order to stress this point, we 
avoided many degrees of freedom and chaotic Hamiltonians, and chose to work with the well 



known spin-boson model 25, 



26|: a two level system (SI) coupled to one resonant oscillator 



(modeling the environment) by the rotating wave approximation Hamiltonian 

1 



H 



-huaz + fiuja^Si + Tig (cr+a + (T_a^) 



where and a are creation and annihilation bosonic operators, and az = |e) (e| — \g) {g\, 
cr+ = |e) {g\ and (T_ = \g) (e| are spin-1/2 operators. We first considered the "environmental" 
one-boson system starting in thermal equilibrium, since usual many-boson environmental 
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models often assume an analogous situation. The dynamics for coherent initial states were 
also analyzed and we commented on the disappearing of the interference fringes in the Ram- 



sey interferometer described in Ref. 27| for long atom-field interaction times. Analytical 



results for decoherence time and for the effectiveness of decoherence process were obtained 



for Pegg-Barnett phase state 28| initial bosonic conditions. Since the above Hamiltonian 



may concern a Rydberg atom coupled to one microwave mode in a lossless superconducting 



cavity 30|, we are also proposing a simple scheme for reservoir engineering that uses only 
one controllable degree of freedom. 

It is important to stress that we do not expect that the present dynamics will make 
the bosonic system to behave as a reservoir in the sense that it relaxes to a unique thermal 
equilibrium state. The central point is: a very simple system with only one degree of freedom 
and no chaotic or chaotic like behavior is capable of destroying quantum coherences in an 
effectively irreversible fashion, analogously as a reservoir does. Also, complete disappearing 



of quantum coherences is not expected; as in the system studied in Ref. [29|], they will 
be only attenuated. Nevertheless, our results indicate that quantum correlations become 
hard to be observed in the laboratory when the size of the Hilbert space increases, and no 
recurrence processes will be relevant in the typical experimental times. 

When the environment is modeled by a set of oscillators, they are usually assumed to be 
in thermal equilibrium. The analogous situation for the "one oscillator environment" leads 
to the initial density operator 

oo 

p (0) = (ce |e) + cg \g)) {cl (e| + c* {g\) ® [l - e ''B-j J^e'^B- |n) (n| , (2) 

n=0 

where |n) corresponds to Fock state, fc^ is Boltzmann's constant and T is the absolute 



temperature 3l|] • Taking the trace over the bosonic variables, the statistics of the two level 



system may be accessed by 

Pa (t) = Pee (t) |e) (e| + Pgg (t) \g) {g\ + p^g (t) \e) {g\ + Pge [t) \g) (e| . (3) 

The loss of quantum coherences can be associated to the decreasing of the non diagonal 
elements of pa (t). In Fig. ([T]), the evolution of \pegf is shown regarding the two level system 
as a Rydberg atom and the oscillator as an electromagnetic field mode in an ultrahigh finesse 



cavity. The parameters taken into account are found in Ref. 3^. We see that the higher the 



temperature, the more the bosonic system is effective to destroy quantum coherences. In fact, 



when the temperature increases the final regime becomes closer to pa = (|e) (e| + \g) {g\) /2, 
although higher temperatures also retard this regime: the excitation of the two level system 
takes a longer time to change the bosonic state significantly. No dissipation from the real 
environment were assumed, since the cavity damping time Tc = 130 ms corresponds to 
gt = 4, 08 X 10^. We investigated \pegf evolution up to this damping time, and did not find 
any different final behavior. For the actual temperature of the experimental setup 0, 8 K, 
the field is near the vacuum and it occurs almost complete cyclical recurrence of coherence; 
nevertheless, quantum correlations (always related to |peg|^) would be hardly observed for 
high temperatures. 

Fig. ([T]) indicates that one bosonic degree of freedom initially in thermal equilibrium 
can be used to engineer a reservoir that destroys non diagonal elements of pa (t) and lets 
the diagonal ones close to value 1/2. In order to investigate if an initial pure state is also 
capable of performing such a simulation, we now consider 

p{0) = l{\e) + \g)){{e\ + {g\)®\a){a\, (4) 

where \a) = T^^q exp (— \af /2) a" \n) /y/nJ. is the coherent state, usually built in cavity 



QED experiments 30|]. As we see in Fig. ([2]), the answer is affirmative: the simulation is 
possible for initial pure state. Although in the shortest time scale \pegf does not depend 
on the displacement a (it is a well-known result that this dependence is not found up to 
order 33|]), in the relevant time scale, the higher the the slower the decreasing of 
Ipegl^- This relevant time scale is not given, as usual, by Taylor expansions: it depends on 
the dephasing of cos [g^Jnt) and sin {g^/nt) functions for different n in the summation that 
gives |peg(^)|^- After a period of small oscillations, the evolution of \pegf enters a regime 
of larger ones, which is the final regime. We see in Fig. ([2]) that higher |a| leads to latter 
beginning and lower oscillations for this regime. 

In Ref. {2^] , it is reported a complementarity experiment where a Ramsey interferometer 
is constructed. A Rydberg atom with relevant levels e and g is sent through a microwave 
cavity with the atom initially in the excited level e and the field prepared in the coherent 
state la). Atom and field interact resonantly during a period ta defined by pee (ta) = 1/2; 
then, by applying an electric field across the cavity mirrors, the relative phase (p of the 
probability amplitudes related to levels e and g is shifted by a variable amount; finally, 
the atom pass through a Ramsey zone that works as a classical field and the transition 
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probability between levels e and g ends with the value 

Pg{(t>) = \{l + Re (2p,e (t.) exp {im . (5) 

The contrast of the fringes depends on the atom-field entanglement: as pointed out in 
Ref. 3^, this entanglement is related to which-path information and is responsible for 
diminishing |pge(^a)|- The left plots of Fig. ([3]) show the maximum values for |pge(^a)|, 
which occur when Pee{t) reaches 1/2 for the first time. As in the experimental situation 



in Ref. 



271 ]. such a maximum increases with |a|: the more the coherent field approaches a 



classical regime, the less which-path information will be available on it. However, if it had 
been chosen a much longer ta (also satisfying pee (ta) = 1/2) an opposite behavior would be 
observed: \pge {ta)\ would tend to be small for high values of as it is exemplified in the 
right plots of Fig. ([3]). When |a| increases, the field takes a longer time to store which-path 
information, but, after stored, this information will be always present in the field. 

Let us now analyze the dynamics for the boson starting in a particular approximate 
Pegg-Barnett phase state [28 



P (0) = (|e) + \g)) ((e| + {g\)0Yl 1^) ' (6) 

^ I n,m=0 J 

which can be generated, for the vibrational state of a trapped ion, by r + 2 lasers 12[ . Of 
course, this state is not usually built in cavity fields (as thermal and coherent states are) but 
it permit us to get analytical results that help us to understand the process studied here. A 
simple expression for non diagonal coefficients of pa (t) may be given, 

cos {g^/rTTt) exp (igy/rt) ^exp {-ig [y/n + 1 - ^Jn) t) 

^-^') = w^) w^) ' 

\ / n=0 

and the following definition for decoherence time scale may be proposed: 

2vr Anx/r 

^ (v^ - Vr - 1) g 

This is the time spent by the slowest term in the summation in ([7j) to make a complete 
oscillation. The evolutions of \pegf' plotted in Fig. (j3^) corroborate this choice for t^. 
Notice that p^g (t) is calculated as a sum of complex terms with different phases. When 
t = 0, the phases are correlated (all the terms are real), and \peg\ assumes its maximum 
value. When t = Td, most of this correlation is lost: the low value of \peg (r^)! is due to the 



mutual cancellation of the terms in the sum. If r grows, each term in summation ([7]) gets 
smaller, and then their mutual cancellation due to random phases will be more effective. We 
now propose a way to quantify this cancellation: assuming that for long times the complex 
phases (and also the argument in the cosine function) behave as random variables, with no 
correlation among them, uniformly distributed between and 27r, the mean value and the 
standard deviation of \peg^ will be respectively given by 

2 

2(r + l)j V' ' 2, 



^=(777r^) [r + h^ (9) 



2(r 

which decrease with r~^. In Fig. ({Dd), the plots of \pegf are not far from this statistics, and 
up to t/Td = 1000 we did not find any different behavior. Thus, if one calculates \pegf for 
a large set of random high values of t, the mean value and the standard deviation will be 
at least of the order of the ones given by Eq. ffTOl) . For high r, large values of \pegf will be 
very rare at long times, and the effects of quantum correlations will be hardly observed if 
we look only to the two level system. 

We investigated the loss of quantum coherences produced in a two level system by an 
oscillator linearly coupled to it. Three kinds of initial bosonic states were considered: thermal 
equilibrium, coherent state and approximate Pegg-Barnett phase state. If we use the Fock 
basis to specify the state of the oscillator, the evolution of the whole system will be described, 
for phase state initial condition, in a Hilbert space with dimension 2r + 3 (with r given in 
Eq. (Q). Although the evolution of thermal and coherent initial states occupies the whole 
infinite Fock basis, relevant coefficients will be found only in a finite range. For all kinds of 
initial states studied here, the increasing on the number of Fock states effectively occupied 
leads to analogous results: loss of coherence starts slower, but it is more complete at long 
times. 

In the Ramsey interferometer of Ref. 27|, the coherent field acts as a beam splitter. 
Since it is a part of a measuring device, it must act classically 35|]. The classicality is 
achieved by increasing the energy of the field, and highly contrasted fringes are produced 
when many photons are present. The quantum system (atom) and the classical system 
(field) must interact for the shortest time that produces the atom's state splitting required 
for the interferometry. If this interaction time is long, quantum and classical systems get 
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entangled, and, for practical purposes, do not disentangle anymore. 
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FIG. 1: Time evolution of \peg\^ for initial state ([2]) and Cg = Cg = l/\/2- Following Ref. 
uj = 51.099 GHz and 3 = 27r x 50 kHz. 
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FIG. 2: Time evolution of \peg\^ for initial state ([4]). Assuming the parameters found in Ref. 32], 
the period shown corresponds approximately to the cavity damping time. 
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FIG. 3: Time evolution of \pge\ and \pee\ for initial state p{0) = \e) (e| (8) |a) (a|. In the left plots, 
solid lines correspond to \pge\ and dashed lines to \pee\- In each right plot, lower curves correspond 
to \pge\ and upper curves to \pee\- 
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FIG. 4: Time evolution of \peg\^ for initial state ([6]). In (b), the shading region corresponds to 
values of |peg|^ between M — a and M + cr. 
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